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ABSTRACT
We study the class of the Riesz subsets of abelian discrete groups, that is, the
sets for which the F. and M. Riesz theorem extends. We show that the
“classical” tools of the theory — Riesz projections, localization in the Bohr
sense, products — are leading to Riesz sets which are satisfying nice ad-
ditional properties, e.g., the Mooney-Havin result extends to this class. We
give an alternative proof of a result of A. B. Alexandrov, and we improve a
construction of H. P. Rosenthal. The connection is made between this class
and the M-structure theory. We show a result of convergence at the boundary
for holomorphic functions on the polydisc. The Bourgain-Davis result on
convergence of analytic martingales is improved.

0. Introduction. Notations

The classical F. and M. Riesz theorem (see [28], p. 335) asserts that a
measure 4 on the unit circle T, such that

fT e "du(t)=0

for every negative integer n, is absolutely continuous with respect to Lebesgue
measure. It is natural to seek for extensions of this result within the frame of
harmonic analysis on groups. Let me recall that a subset A of an abelian
discrete group I is a Riesz set if every Radon measure y on G =TI, such that
ft(a) =0 for every a & A, is absolutely continuous with respect to the Haar
measure of G. With this terminology, the F. and M. Riesz theorem asserts that
N is a Riesz subset of Z.
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The goal of this work is to investigate the class of Riesz subsets of abelian
discrete groups. The natural frame for this research is the study of Lacunary
Fourier series, or equivalently, of the “thin” subsets of abelian discrete groups.
The bibliography of Riesz sets should include — at least — the references [1],
[51, 1201, [21], [25], [27], [31), [32]. But I think it can be said that this property
is far from being well understood (see Remark 4.7).

Let us summarize the contents of this paper. The main problem is clearly to
have a control on the Fourier transform of the singular part of a given Radon
measure. Motivated by the classical differentiation technique, we introduce
the notion of nicely placed subset of an abelian discrete group (Definition 1.4).
The corresponding class of “small” sets (see 1.1) is the family of Shapiro sets
(Definition 1.8). We show (Theorem 1.9) that Shapiro sets are Riesz sets, for
which the Mooney—~Havin theorem ([14], [23]) extends.

In §2 we use several techniques — Riesz projections in ordered groups,
localization in the Bohr compactification sense, stability under product — for
showing how to construct nicely placed or Shapiro sets.

Then §3 is devoted to examples. We show that all the previous examples of
Riesz sets are actually Shapiro; however, an example due to A. B. Alexandrov
(3.8) shows that the two classes do not coincide. We give (3.1) a proof of the
Mooney-Havin result ({14], [23]) which uses only the very basic properties of
H'(D). An alternative proof of a result of A. B. Alexandrov ([1], Appendix) is
given (3.5). We focus in (3.6) on arithmetical examples which tend to show
that, even in Z, the situation is excitingly complicated. A construction of H. P.
Rosenthal [25] is improved in (3.8.1).

In §4 we consider some applications of the previous results. Proposition
(4.1) makes the connection between the Shapiro sets and the M-structure
theory in Banach spaces. We show a result of convergence at the boundary for
holomorphic functions of the polydisc (4.3). With (4.1) and the Hankel
operators, we make a connection (4.5) between the decompositions of func-
tions in L} — S semi-group — and the Riesz and Shapiro properties. We prove
and show how to improve in (4.6) the result ([8], Cor. 4.3) of convergence of
analytic martingales.

Notations

T denotes an abelian discrete group, and G = I its compact dual group. The
Haar probability on G is denoted by m. We denote by M(G) the space of
Radon measures on G. If u is a Radon measure, i denotes its Fourier
transform; for any subset A of I, we let M,(G) be the space of u in M(G) such
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that ji(a) =0 for a& A. The spaces LA(G), €(G), Ly(G) are defined in a
similar way. The notation [A] (defined after 1.4) denotes the smallest nicely
placed set which contains A; the notation A is defined before 1.7. We denote by
1, — tesp. u, — the absolutely continuous — resp. singular — part of a Radon
measure 4 with respect to Haar measure. A subset A of I" is a A(1) set [27] if
there exists ¢ <1 such that || P ||; =K. | P || g for any trigonometric polyno-
mial P supported by A. The set A is A(1) if Lj is reflexive ([2], [26]). The
L% metric is defined by

at,e)= [ 1f=gl(1+1~g)'dm
and the L(1, o) (“weak L'”) quasi-norm by
/1w = iulg {(AP(1f1 2 M)}

The notation B,(X) denotes the closed unit ball of a Banach space X. The other
notations we use are classical or will be recalled in the article.

1. Nicely placed sets and Shapiro sets

Our first lemma is a fairly general principle for showing that certain sets are
Riesz. If Eisasetand € C P(E)is a family of subsets of E, we denote by € the
biggest hereditary class contained in €; that is,

¥ ={AEP(E)|VBCA,BE%F).

The family € is the “family of small sets” which naturally corresponds to the
family €. With this terminology, the following holds:

LEMMA 1.1. Let T be an abelian discrete group, and € C P(T') a family of
subsets of I'. If every A€ € satisfies:

(1) VueMNG), uEM\G)
then every AE € is a Riesz set.

PROOF. LetA be in €, and 1 € M,(G). Since € C €, we have by (1) that
Us EM,(G). Let us assume that y, # 0; then there exists «a €A such that
(@) # 0. We let A’=A\{a}; A’ is in € since AE €. Consider u’ = —
A(a)a. It is clear that 4’ € M ,(G) and thus by (1), (u"), E M ,(G). But (u), = p,
and thus u, € M, (G) and ji,(e) = 0; this is a contradiction. o
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ExampLEs. Ifthe class % is the class of all the subsets A of I" which satisfy
(1), then €, is exactly the class of the Riesz subsets of I. In [21], Y. Meyer
considered the class € of the subsets of I" which are closed for the topology of
pointwise convergence on [". In [31], J. Shapiro considered the class € of the
subsets A satisfying: there exists 0 < p <1 such that L} is relatively closed in
L! for the quasi-norm || ||,. In this paper we will define (Definition 1.4) and
study the class of the “nicely placed” sets, which contains Y. Meyer’s and J.
Shapiro’s classes.

I am indebted to N. J. Kalton for the next lemma, which is a slight
improvement of a classical result of J. Komlos.

LEMMA 1.2. Let (f,).z1 be a bounded sequence in L\(Q, P). There exists a
subsequence (fi)c=1 of (f,) such that the sequence

s (£7)

converges almost everywhere and in L(1, o). Moreover, the conclusion remains
true for any subsequence of ().

Proor. By Komlos’s theorem ([18]), there exists a subsequence ( f})xz, of
(f.) such that the Cesaro means of any subsequence of ( f}),z, converge a.c.

Let us apply the subsequence splitting lemma to (f}); there exists a
subsequence (/% )¢z of (f%) which can be written

=8+ t+ h

where the sequence (g;)c», is equi-integrable, the sequence (ji).», satisfies
llji || <2~* for every k, and the functions (h;) are mutually disjoint. By
modifying (ji) if necessary, we may assume that || A ||, < o for every k.

Since the sequence (k) is tending to 0 a.e. and the sequence (g;) is
equi-integrable, any subsequence of (g;) will converge in Cesaro mean a.e. and
in || ||,- Therefore it is enough to show that ()., has a subsequence which
converges to 0 in Cesaro mean in L(1, 0), as well as its subsequences. If
(M) is uniformly bounded, this is clearly true; therefore, we may assume
without loss of generality that || A,y Jlo =1+ || A ||  for every k.

Let hj = h, be given. We construct the subsequence (h;),> in such a way
that
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This is possible since the (h,) are disjoint and thus lim,_.  P(|A,| >0)=0.
Since the (4,) are disjoint, we have

Vx 20, P( Y | Af] ;x)= Y P(|k!| = x).
=1 i=1
For a given x, let io be such that || A}, || =x = | A ||.. We have for any n
xp( £ 11 zx)=x § P z0-x § PGh1 20
i=1 i=1 i+ 1
and thus
xp( £ 141 22) S xPUhnl 20+ i e $ PRI Z )
i=1 h+2
and by (2)
(B b zx)s b+ § 24514 Dl
i=1 k=ig+2
If M is such that || h; ||, = M for every k, we have
3) Vx=0, Vn, xP(EIh{l;x)éM—H.
i=1
Applying (3) to x = nx’, we get
1
Vx'z0, Vn, x’P(— LA ;x’)é(M+ /n
Njmi

and this proves that (1/n)(Z-, h!) converges to zero in L(1, o). Moreover,
any subsequence (h7%) of (h!) satisfies also (2) and the proof shows that the
conclusion remains true for (4%). a

Let us prove now:

LEMMA 1.3. Let C be a convex subset of L'(Q, P), closed and bounded in
| Wi The following are equivalent:
(1) Cis.closed in L°.
(2) Cis closed in L(1, ).
(3) C is the image of its closure C* in (L'™, w*) under the canonical
projection © from L' to L.

PrOOF. (1)=(2) is obvious.
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(2)=(1). Let (/)= be a sequence in C converging to fin L°. There exists a
subsequence ( f,) which tends to fa.e.; by Lemma 1.2, there exists a subse-
quence ( /%) of (%) which converges a.e. and in L(1, o) in Cesaro mean. But
lim, ., f% = fa.e. and therefore

1 n
lim —( Y f’;() =f ae.andin L(1, )
n—w 0 \k=1
and this implies f€ C since C is convex and L(1, o) closed.

(1)« (3) is the main result of [10]. 0O

It is now time to adapt ([12], Def. 2):

DEFINITION 1.4. Let X be a closed subspace of L'. The space X is said to
be nicely placed if the unit ball B,(X) of X is closed in L(1, ). A subset A
of an abelian discrete group I is nicely placed if the space Li([) is nicely
placed in L'(f).

If Y is now any subspace of L!, the family % of the nicely placed subspaces of
L' containing Y is clearly stable by intersection; we note [Y]= (% the
$mallest nicely placed subspace containing Y. If now Y = L} is translation
invariant, it is clear that [Y] is also translation invariant. Let [A] be the subset
of A which satisfies [L{] = Ly;. The set [A] is clearly the smallest nicely placed
subset of I" containing A.

Our next lemma will show that the family € of the nicely placed sets A
satisfies the assumption (1) of Lemma 1.1.

LEMMA 1.5. Let G be a compact abelian group, A a subset of T = G and
U EM\(G). If u, denotes the singular part of u, one has p, € Mi,(G).

PrOOF. Let F be the filter of neighborhoods of 0 in G, and VEF; we let

k,=m(V)'.1,.
By the differentiation lemma of [6], one has
4 im || 4, 2k, = 41 [} =0,
(5) lim || gk |, =0 VO<p<L

This shows that x, belongs to the closure of the set C=u*B(LY)in || |,
(p <1). By Lemma 1.3, , belongs to the closure of Cin L(1, ). But Cisa
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bounded subset of L(G) since u EMy(G) and therefore y, € Ly;(G). Since
i, =pu — u, and A C [A], the proof is complete. O

Lemma 1.1 leads to considering the hereditary class % corresponding to the
class of nicely placed sets. Our terminology is motivated by the use we are
making of the ideas of [31].

DEerFINITION 1.6. Let A be a subset of the abelian discrete groupI'. Aisa
Shapiro set if every subset A’ of A is nicely placed.

Our next lemma is an useful test for proving that a set is Shapiro. For any
subset A of ', we denote by A the set of o’s in A such that the restriction of
F,= f—f(a) to B(L}) is L(1, oo)-continuous. With this notation, one has:

LemMA 1.7. Let A be a nicely placed subset of I'. The following are
equivalent :

(1) A is Shapiro.

(2 A=A

PrOOF. (2)=(1). Let A’ be a subset of A. One has
(6) Li= N {fELi|fl)=0}
a€A\N

and since [A] = A = A, (6) shows that A’ is nicely placed.

(1)=(2). Let a be in A. We have to show that F, is L(1, oo)-continuous on
B\(L1). By assumption, the set A’=A\{a} is nicely placed. If F, is not
L(1, o) continuous on B,(L}), there exists a sequence ( ),z in B;(L}) such
that (f,),2, tends to 0 in L(1, o) and lim,_.,, f,(a) =t # 0. Consider g, =
£, — /(@) . «; (g,) is a bounded sequence in L), which tends to (—?). & in
L(1, o0); this is impossible since A’ is nicely placed. O

Now let us connect the nicely placed sets with the properties of L!/L,:

LEMMA 1.8. Let A be a nicely placed subset of T'. Then the space L'/L\([) is
weakly sequentially complete.

ProoF. This lemma is a special case of ([12], Th. 3). Let us prove it for
completeness. Since A is nicely placed, we have by Lemma 1.3

B(L})=n(B(L})")
and thus
Li** =L} & (L}* nKern).
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This implies that
(LYL)** = L'""/L}** = L/L} ® Ker n/(Ker = N L),

Moreover, if x €(LY/L))** and x = ¢ + u in the above decomposition, an easy
computation shows that [|x || = ||z || + |ju || . For showing that LY/L} is
weakly sequentially complete, it is therefore enough to show that if Y is a
Banach space and u € Y**\ {0} satisfies

(M VIEY, fJlut+t|={ull+ Nzl

then u cannot be of the first Baire class.

We consider u as a function on the compact space (B,(Y*), w*). Let 4 be the
u.s.c. hull of u; it is easily checked that u is a concave function, and the Hahn~
Banach theorem tells us that

U =inf{y | y finite w*-continuous, y = u on B\(Y*)}.
Such a y has the form y =¢ + A, for some t €Y and A ER. We want

t+A=Zu onB(Y*),
that 1s,
AZu—t onBy(Y¥),

It is enough to take A = || u — ¢ || . Thus we have

VXEB(Y*®), i(x)=inf{t(x)+ |[u—t| |tEY)}
and by (7),
da(x)=inf{t)+ fu + 2] [t€Y),

but ||¢| = [t(x)| for every tEY and thus # = | u ||. Since the reverse
inequality is trivial, # = |Ju ||. Finally, if # is the Ls.c. hull of u on
(B,(Y*), w*), we clearly have #i(¢) = —id(—¢) and thus & = — || u ||. Since
[« || >0, this shows that the restriction of u to the compact space
(B,(Y*), w*) has no points of continuity. By Baire’s theorem, this implies that
u is not of the first Baire class. a

We are now ready to prove the main result of this section

THEOREM 1.9. Let A be a Shapiro subset of an abelian discrete group T'.
Then A is Riesz, and the space L'/L} is weakly sequentially complete.

ProoF. By Lemmas 1.1 and 1.5, A is Riesz. By Lemma 1.8, L'/L} is
weakly sequentially complete. ]
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REMARKs. (1) In the results of this section, we may replace the topology
L(1, ) by L? (0 = p < 1) or by the topologies of the Lorentz spaces L(1, p)
(see [17] for a definition); these last topologies are actually finer than L(1, «)
and thus the corresponding results are, at least formally, better. More gener-
ally, we can use every topology of vector lattice X such that L' C X C L° and
“Lemma 1.2” is true. It seems natural, however, to formulate the results in the
finest “classical” topology of that kind, namely, in the L(1, ) topology.

(2) Let us translate the properties we are considering in Theorem 1.9 into
existence results. It is easily seen, by the Bishop—Rudin-Carleson theorem [4],
that A is a Riesz set if and only if:

V K compact in G with m(K) =0, V U open containing K, Ve >0, V f€
%(K), there exists g € €(G) such that:

M lgle= SN

(2) g=fonk, |g|<eonG\U,

(3) £(a) =0 for every a €EA.

L'/L)(G) is weakly sequentially complete if and only if for every sequence
(f)n=1 in LY(G) such that

lim | gf,dm exists for every g € LR, (G)

there exists g€ L'(G) with

lim | ggdm =1lim | gf.dm, VgELRL(G).
2. Techniques of construction of nicely placed and Shapiro sets

Our first technique is dealing with order structures on discrete groups. Let us
recall that a totally ordered group is a discrete group equipped with a total
order compatible with the group structure. Our main reference for this notion
is ({29], Chap. 8). Let us prove:

THEOREM 2.1. LetT beatotally ordered discrete group, and A a subset of T
such that

(*) An{d = a}is AQ1) for every aET.
Then A is a Shapiro subset of T.

PrOOF. Let I'* be the set of positive elements of T".
Since the property (*) is clearly hereditary, it is enough to prove that A is
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nicely placed. Let (f;),, be a sequence in B,(L}), which converges to fin
L(1, ), and let a, be in '\ A; we have to prove that f{ao) = 0.

Let a €T be such that a > a, For any trigonometric polynomial P = X, a,y
on G, we define the Riesz projection R, by

Ry (P)=R; (2 a,?) =2 a7.
7 y<a
By ([29], Th. 8.7.6), R, is continuous from L' to L(l, ). We let I} =
{« = ). If Pis supported by A, we have R,(P)E L A Since (A\T ) is A(1),
the || ||, and L(1, «) topologies coincide on L; [16]. Therefore R, is
| Nli-continuous from L} into Lj\r+, and thus we have

171 1
LA = LA\r: © LAnr:-

Let (/) be a subsequence of ( f,) which converges a.e.; welet g;, = R, (f})and
h., = f% — g,. The sequences (g;) and (h,) are || |, bounded and thus by
Lemma 1.2 there exist subsequences (g%) and (4%), indexed by the same set,
which converge in Cesaro mean a.e. and in L(1, ) to g and A, respectively.
We have f=g + h.

Since (A\T") is A(1), the space L\r+ is L(1, o) closed and thus g € LA\r+
and £(ag) = 0. On the other hand, the algebra €+(G) is a Dirichlet algebra
[15], and this implies by ([9], p. 217) and Lemma 1.3 that L}+(G) is nicely
placed in L,(G), therefore, I'* and I'} are nicely placed subsets of I'. This
shows that # € LL+(G) and thus /(o) = 0 and flap) = £(a) + Ala9g=0. 0O

We may apply this result with the help of the Lie algebra of a compact group
G. Let us prove the easy Corollary 2.2. In the next statement, R is equipped
with its natural order and the discrete topology.

COROLLARY 2.2. Let G be a compact group, and A a subset of G. If there
exists a dense one parameter subgroup w(R) of G such that the subset y*(a) =
{acy | a €A} of R satisfies the condition (*) of Theorem 2.1, then A is a
Shapiro subset of G.

PrOOF. Let us notice first that any subgroup I of an abelian discrete group
T is nicely placed in I. Indeed, let I"* be the subgroup of G =1I" defined by

I'={g€G |y(®)=1VyEr).
It is clear that

Lll'"(G) = {fELl(G) ‘ fo T, = nger‘u}
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where 7,(u) = gu for « € G. But the condition f° 7, = fis clearly stable under
L(1, oo) limits and thus L} is L(1, ) closed in L'(G).

Now it is clear that if A is nicely placed — resp. Shapiro —inI” C T, then A
is nicely placed — resp. Shapiro — in I'. Applying this remark to I = y/(G)
and I' = R proves Corollary 2.2. O

Corollary 2.2 takes care of the Archimedean applications. We will see below
(3.5, 3.7 and 4.6) that the non-Archimedean case could also be of interest.

The second technique we will use is a technique of “localization”. If " is a
discrete abelian group, we denote by 7 the topology induced on I' by the
pointwise convergence on G = I". This topology is induced on I by the Bohr
compactification bI" of I'. The ideas we will use here appeared first in [21].

If € C P(I') is a family of subsets of I', we will say that € is localizable if the
following holds:

A€ € - Va€T, 3V, a t-neighborhood of « in I" such that (AN V,)E €.

REMARK. It is easy to check that if € is localizable, then the hereditary
subfamily € of € (see 1.1) is localizable.

With this terminology, the following holds:

THEOREM 2.3. The following classes are localizable:
(1) 6o={ACT|uEMUG)= 1, EM\G)},

(2) the class of nicely placed sets,

(3) the class of Riesz sets,

(4) the class of Shapiro sets.

ProoF. By the above remark, it is enough to prove (1) and (2).
(1) Let A C T be such that

®) Va€l, 3V, st. (V.NAEE,.

The algebra A(I') is regular and therefore there exists a discrete measure v on
G = I such that

May=1,
® {
A)=0 VAET\V.

Let 1 be in My(G), and a & A; we need to prove that i,(a) =0. Let V, be a
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t-neighborhood like in (8), and v like in (9); we have u *vE€EM,., and
(u #v), = u, *v since v is discrete.

(AN V,) belongs to €, and thus (u *v), = u, *v belongs to M, ;,; since
a& A, we have

77 WV(0) = fi(e) =0.

Let us note that, up to the terminology, the above proof is taken from [21].
(2) For this part of the proof we need:

LEMMA 2.4. Letvbeadiscrete measure,and (f,),x, a bounded sequence in
LNG) which converges to f in L(1,®). We let C,(f)=f*v; then
lim, ., C,(f,) = C,(f) in L(1, o).

PRrOOF. Let ¢ > 0 be given. We assume that || f, |, = M for every n. There
exists a measure v’ with finite support such that | v/ —v ||, =M~ '-&/3. We
have, for g |l =M,

(10) IG@ -G = llv=vIilgl=es.

Since v’ is finitely supported, it is easily seen that

(11) AN, st. Vnz N, | edfy)— ed) | Se/3.

It is clear that (10) and (11) prove the lemma. 0O
Our next lemma will be very useful.

LEMMA 2.5. Let A be a subset of T and a € A. If there exists a t-neighbor-
hood V, of a such that a €[V, N A), then « E[A].

ProOF. Let v be a discreted measure which satisfies (9). Lemma 2.4 shows
that if X is nicely placed, then C, '(X) is nicely placed. We have

CALA) C LY an
and thus
(12) CoLiny) € Liy,n -
Since C,(a) = a €[V, N A], (12) shows that a ¢ [A]. O

Let us conclude the proof of 2.3(2): if aEI'\ A, there exists V, such that
[V.N A}=V, N A and thus a €[V, N A}; by Lemma 2.5 a &[A]. O

Lemma 2.5 actually implies
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COROLLARY 2.6. (1) Let A, be a nicely placed subset of T and A, a t-closed
subset of T. Then (A, U A,) is nicely placed. In particular, every t-closed subset
is nicely placed.

(2) Let A, be a Riesz and t-closed subset of T, and A, be Shapiro. Then every
set A such that A, C A C A, U A, is Riesz and nicely placed.

Proor. (1) Ifa€T\(A, U A,), there exists V, such that V,N (A, U A,) C
V,N A, and since [V, N A|] C[A]]= A, we have a &[V, N (A, U A,)}; by 2.5,
a&[A, U A,]. The special case is obtained by taking A, = .

(2) By (1), such a A is nicely placed, and it is Riesz by [(21]). a

The localization gives several examples of stability by union. Let us consider
now the stability under products:

THEOREM 2.7. Let A and A’ be nicely placed — resp. Shapiro — subsets of
the countable discrete group T and I". Then A X A’ is a nicely placed — resp.
Shapiro — subset of T X I".

ProoF. First:

LEMMA 2.8. Let (f,),21 be a sequence in L'(Q X ', P ® P). We assume
that || f, |1 =1 and that lim,_., f, = f a.e. For wEQ, we let ¢, ,(w)=
fi(w, w’) and ¢,{w) = f(w’, w). Then for almost every w EQ’, one has:

(1) ¢, ELYQ) Vn,
(13) (2) 1im,....°° ¢n,w’ = ¢w’ a-e-’
(3) Lim || gy Il <oco.

ProoF. (1)is an immediate consequence of f, € L! for every n. (2) is clear.
Let us prove (3).
Foreach k = 1, let

Ane={WEQ| | ool Zk}.
Since || f, |1 = 1, we have
(14) Vn, P, )sk™"
Let us consider now
B, = {w’| 3 infinitely many n s.t. w'&4,,}.

It is clear that
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Q\B, = U (ﬂ A,,,,‘).
J nzj

By (14),

P’( N A,,,k)ék" for every j.

nzj

The union over j is increasing, and therefore
Vk, P(QU\B)=k™!

and thus (Q'\ U, B,) is a negligible set. If w’ does not belong to this set, the
condition (3) is clearly satisfied. |

Let us prove that A X A’ is nicely placed if A and A’ are.

Let (f,).z, be a sequence in the unit ball of L}, ,., which converges to fin
L(1, ). Up to a subsequence, we may assume that (f,) converges to fa.e. For
Y& A, we have f,(y, y") = 0 for every ' €I”, and thus

(15) Z’ae., f W —2)f(z,2)dm(z)=0
G
for every n. Since I'\ A is countable, (15) implies

(16) 2 ae. fy(—z)f,,(z, 2)dm(z)=0 Vn, Vy&A
G
and (16) means that z’ a.e., the function

$n:A2) = f1(2, 2)

belongs to L} for every n. Since A is nicely placed, we have by Lemma 2.8 that
0.{z) = f(z, z’) belongs to L1z’ a.c.; the same proof shows that y,(z’) = f(z, z’)
belongs to L}z a.e.

Now if (y, )& A X A’, we have for instance y ¢ A, and thus

Jo, 7= f Aty [ f S Z)¢z'(2)dm(2)] dm’(z’)=0

since ¢,,€ L}z’ a.e. and therefore the expression inside [ ]is 0 z’ a.e.

Let us now prove that the product A X A’ of two Shapiro subsets is Shapiro.
We already know that A X A’ is nicely placed; by Lemma 1.7 it suffices to show
that if (y, )EA X A’ and if (f,)EB,(Li«4) converges to 0 in L(1, o) then
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f.(,7") tends to 0. If this is not the case, we may assume, by taking a
subsequence if necessary, that

(17) limf,=0 ae. and limf(y,y)=1+0.

n—>w0

Consider the sequence g,(z") = [ | fx(z, z’)|dm(z). We have | g, |, =1, and
thus by Lemma 1.2 there exists a sequence (4,), 5, of convex combinations of
the (g,)’s which converges a.e. Thus

(18) z’ae. 3IM, st |h(z2)| =M, Vn.

Let us define a sequence (f7,) of convex combinations of the ( f,)’s by using the
same convex combinations which defined (h,). We clearly have || f; ||, =1
and by (18),

(19) z’ae. 3IM, s.t.flf,’,(z,z’)(dm(z)éM,, vn.
G

The sequence ( f,) tends a.e. to 0 since ( f,) does. Now let ®, .{(z) = f}(z, z’).
For almost every z’, ¢, .. tends to 0 z a.e.; since A is a Shapiro set and ¢, , €L},
(19) implies

(20) Z’ae. lim @, (y)=0.

Now we let
Wny(2)) = 0,.A).

By (20), (#,,,)nz1 tends to 0 a.e. Moreover, we have
VA, W) = 1B = [ 1362, 2)1dm(@)
andsince || f7 || =1,
vn, foll Va,(2)dm'(z)) = 1.
But y,, €L} and since A’ is a Shapiro set, one has
lim () =0.

But clearly #,,(y) = f:(y, ") and this is not compatible with (17) since the
(f.)'s are convex combinations of the (f,)’s. O
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REMARK. A subset of A X A’ is of course not in general the product of
subsets of A and A’ and thus the second part of Theorem 2.7 is not a
consequence of the first part.

In the next section of this work, we will apply the above techniques for
finding concrete examples of Shapiro sets.

3. Examples

Let us mention first that, by the proof of 2.2, the notions we are considering
do not depend upon the discrete group I' of which A is a subset. Therefore we
may speak of the properties of A without making precise the group I'" in which
we are working. Our first example is:

ExAMPLE 3.1. N is a Shapiro set.

This is of course a special case of 2.1. For the sake of completeness, let us
give a simple proof of this.

We have to prove that any A C N is nicely placed. The Hardy space H'(D) is
defined by

H(D)= {fEW(D)

2z
sup | | fre®)|df < oo}
r<l 0

where J#(D) denotes the space of holomorphic functions on the open unit disc
D. The Poisson transform f— P[f] defines an isometry between L} and
H'(D), the inverse being given by f— f* where f*€L(T) denotes the
boundary values of f (see [28], Chap. 17). Since P[fl(z) = 2=, f(n)z" for
[z| <1, the space LA(T) corresponds to

HL(D)={fEH\(D)| f™(0) =0 for n € A}.
The Cauchy formula shows that for r <1

sup =1 ha-n
and thus the unit ball of H'(D) is compact for the topology 7, of compact
convergence in D. Now, let (f*) be a sequence in the unit ball of L},
and f, = P[f*). We assume that lim,_, f,*=fin L(1, ), and we must
show fE€L].
By compactness, there exists a subsequence (/%) which converges for 1, to
gEH(D); itis clear that gE Hi(D). Welet h, = f, — g; we havelim, . A, =
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0 for 7, and lim,_ , h* = f— g* for L(1, ). Since g*EL}, it is enough to
show that /= g*. The metric L(1, c0) is finer than the metric L2, and thus

Ve>0, INstVn, kZN, fo " hi*e®) — h(e®)|7dg < ¢.
The function |A, — A, | is subharmonic, and thus
vn, k=N, Vr<l, J:"Ih,,(re"") — h(re®)|"?df < ¢.
If k tends to + oo, this shows
VnzN, Vr<l, f()hlh,,(re"")l”zde <e.
Now if r tends to 1, we get
vazN, | " hHe)7d0 < ¢

and if n tends to infinity, this shows that || f— g* ||,» < ¢ for any & >0 and
thus f = g*. a

ReEMARKs. (1) Up to the terminology, the above result is proved in [31];
J. Shapiro uses in [31] the fact that H' (D)=L T)n H?(D) for p<1.
Actually, if L = L' n X, where Xis a closed subspace of L(c0, 1), it is clear that
A is nicely placed; if moreover X* contains 4(I"), then A is Shapiro.

(2) The above proof shows in particular that N is nicely placed. Therefore,
by Lemma 1.8, we have a proof of the Mooney-Havin result ([23], [14]):
LY(T)/HY(D) is w.s.c., which uses only the basic properties of H'(D). More-
over, the conclusion remains true for L!/L}, for any subset A of N.

ExaMPLE 3.2. N”and NN are Shapiro sets. N” is a Shapiro set by 3.1 and
Theorem 2.7. We may also prove it by Corollary 2.2; let x;, x5,..., x, be
strictly positive real numbers, independent over Z. We define a one-parameter
subgroup of T" by

w(t) = (") sxzn-
We have y*((n,)) = Zf_, meXy; it is clear that y* is injective and that y*(N")
satisfies ().

Along the same lines, let x; be a transcendental number, with x,> 1. We
define a one parameter subgroup of TN by

w(t) = ("), <y
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It is easily seen that 2.2 shows that NN is Shapiro.

REMARK. We may as before indentify Li»(T") with H'(D"); therefore 3.2
shows that the space L'(T*)/H'(D") is w.s.c. Actually, one can prove by similar
methods that L'(QU)/H'(U) is w.s.c. for U a symmetric Cartan domain of C* or
U strictly pseudo-convex with a €*smooth boundary ([12], Cor. 21).

ExAMPLE 3.3. Bochner sets are Shapiro sets.

It is proved in [5] that if A is a subset of Z? which is contained in a cone with
opening less than 7, then A is a Riesz set. It is geometrically clear that we can
find « €R\ Q such that, if y*: Z>— R is defined by

w¥(n, n)=n,+an,
then yw*(A) satisfies (). Therefore, by 2.2, A is a Shapiro set.

The extension of the above to subsets of Z" — or even Z™N — which are
contained in “sharp” cones of R" is straightforward. Let us note that analogue
proofs work for more general classes of sets; it is easily seen for instance that

A={(n,m)EZ*| n>= m?)
is a Shapiro subset of Z2.

REMARK. Theorem 2.1, together with the Hahn-Banach theorem in R”,
shows that we identify Z" with a subset of R” and if A is a subset of Z*, then [A]
is contained in the closed convex hull of A.

ExAaMPLE 3.4. Rudin sets are Shapiro sets.

W. Rudin showed in [27] that if A is the union of the A(1) subset of Z with N,
then A is a Riesz set. It is an obvious consequence of Theorem 2.1 that such a
set is Shapiro.

Remark. In [31], J. Shapiro asks the question whether L} is relatively
closedin L' for | |,(p <1)for such a set A. I do not know the answer to this
question, but at least the || ||,-bounded subsets of L} are || | ,-relatively
closed in L' for p < 1; and the present work actually shows that this is enough
for obtaining all the desired applications.

EXAMPLE 3.5. Alexandrov sets are Shapiro sets.

A. B. Alexandrov showed in ([1], Appendix) that if A is a subset of Z? such
that
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(1) {(n€Z|(n XZ) N A+ B} is bounded from below,
(2) for every n€Z, the set (n X Z) N A is bounded from above or from
below in Z,
then A is a Riesz set. Let us prove that such a A is actually Shapiro.

Since the assumptions (1) and (2) above are hereditary, it is enough to prove
that such a A is nicely placed. By Lemma 2.5, it is enough to show that if
a=(n, n’) is not in A, then there exists a 7-neighbourhood V, of a such that
a&[V,N A). Let us assume for instance that (n X Z) N A is bounded from
below. Consider the set F =(I X Z) U {(n, k)EA | k < n’}, where I denotes
theset I ={/<n|(XZ)NnA+J}.

The sets I and {(n, k)EA | k <n’} are finite by assumption and therefore
the set Fis t-closed; we let V, = Z2\ F. It is clear that

V.NACC={k,DEZ*|(n,n'+ 1) = (k, )}

where < denotes the lexicographical order on Z% By Theorem 2.1 we have
[C]=Candthus[V,NA]C Cand a&[V,N Al

It is clear that the above proof leads to further examples, in the spirit of
Alexandrov’s construction.

ARITHMETICAL EXAMPLES 3.6. Let us consider several natural subsets of
Z, including Y. Meyer’s examples of [21]. A useful tool is given by

LEMMA 3.6.1. Let P be the boolean subalgebra of P(N) generated by the
arithmetic progressions. Then every A€ P is t-clopen and thus nicely placed.

Proor. IfT is an abelian discrete group and I'” a sub-group of T, recall that
G'=TI"={g€G |y(e)=1VyEI}
It is easily checked that
(21 Mg =1p; V/’}G =14

Now if |I/I”] <o, G’ is a finite group, and mg is discrete; therefore (21)
shows that the cosets of I'” are 7-clopen. This remark, together with 2.6(1),
proves the lemma. 0

The class of nicely placed subsets is stable by intersection; moreover, 3.1
shows that the intervals (bounded or not) of Z are nicely placed. Thus, Lemma
3.6.1 roughly means that the subsets of Z which have a simple arithmetic
characterization are nicely placed. For instance, we have
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LEMMA 3.6.2. The following sets are t-closed and thus nicely placed:
(M) Ai={—-1}UP,whereP={p =1 I p prime number},

(2) every subset A} of A, containing { — 1, 1},

(3) §,={n*|nezy,

(4) S,={a*+b*|(a, b)EZY),

(5) (= N) U S;, where S, = {a*+ b*+ ¢*|(a, b, c)EZ?}.

Proor. (1), 2) If n{— 1,1}, the set P, = {kn |kEZ} meets A, in at
most one point at |z |, thus by 3.6.1

n&A\{n};

this proves (2), and (1) is a special case.
(3) If n <0, we consider P, = {n + 3n* |kEZ}. We have P, N S, = &.
Indeed if
n+3n’k =P*=(—n)-(—1-3nk)

then, since (—n) and (— 1 — 3nk) are relatively prime, we must have
(— 1 —3nk)ES,; but the equation — 1==m?(3) has no solution (this part of
the proof is taken from [21]).

If n=0 and n€S,, there exists a prime number p, and k = 0 such that
n = p*+*'.n’ and p does not divide n’. We consider

(22) P,={n + kp**+?| keZ).

It is clear that every m €P, is divisible by p**! but not by p**2? and thus
P, NS, =J. Again, 3.6.1 concludes the proof.

(4) Itis well known that n €S, if and only if every prime number p = 4k + 3
which divides n has an even power in the decomposition of n (see for instance
[30]). This shows that if n,n, € S, and n, and n, are relatively prime, then n, and
n, belong to S,.

If n <0, we consider

P,={n+4n’k |k€Z} ifn+4n*%k =(—n)- (—1—4nk)ES,,

then (— 1 — 4nk)€ES,, but this is impossible since a* + b*= — 1(4) has no
solutions. If n = 0 and n €.S,, there is a prime number p = 4/ + 3 such that nis
divisible by p**! but not by p**2, If we consider again P, like in (22), it is
clear that P, N S, = &, and 3.6.1 concludes the proof.

(5) n > 0does not belong to S; if and only if n has the form n = 4¢(8b — 1),
for a, b two given integers (see [30], p. 45). For such an n, we let



Vol. 61, 1988 ON RIESZ SUBSETS OF ABELIAN DISCRETE GROUPS 321

P,={n+2%*%k |kEZ)}.

If /=n+2%*3 belongs to P,, one has /| =4°(8(b +k)— 1), and thus
lES;, therefore P,N{(—N)US;}C—N and [P,N{(—-N)US;}IC
[—N]= — N.Now 3.6.1 and Lemma 2.5 conclude the proof. a

I thank B. Host and J. Parreau for having simplified the proof of 3.6.2.

PROPOSITION 3.6.3. The sets (—N)UP, (—=N)U S, and (—N)U S, are
Riesz and nicely placed subsets of Z. Moreover, any subset A of (— N) U P, and
any subset of (— N) U S; (i =1, 2) containing S;(i = 1, 2) satisfies L'/L} w.s.c.

ProoF. It is shown in [21] that (— N)UP and (— N)U S, are Riesz;
(—N)U S, is Riesz by 3.6.2 and [21]. Those three sets are nicely placed by
3.6.2 and 2.6.1. If AC(—N)UP, then by 3.6.2 and Lemma 2.5 we have
[AINAC{—1,1}, and 1.8 concludes the proof. The last assertions are
consequences of 2.6.2, 0O

REMARKS 3.6.4. (1) The set P is not a A(1)-set ([22]). Therefore 3.6.2 and
3.6.3 are not corollaries of Theorem 2.1.

(2) The set (—N)U S, is not a Riesz set. Indeed it contains the set
(1 +4k |kEZ).

Let us conclude the arithmetic examples by showing that a general result,
along the same lines as 3.6.2, can be obtained if we use a stronger arithmetical
device:

ProPOSITION 3.6.5. Let Q(ny, ny, ..., n) =2, a;nn; be a positive-defi-
nite quadratic form, with integer coefficients. We assume that for every (¢;), i <«
in QF, there exists (n;)1<i<k in Z¥ such that Q((q; — n;)) < 1. Then the set
A=(—N)U Q(Z") is nicely placed. '

ProoF. By assumption, Q satisfies the hypothesis of the lemma of Daven-
port-Cassels ([30], p. 46); therefore, if n € Q(Q¥), then n € Q(Z¥).

Let n be in Z\ A; we have n > 0 and n & Q(Z*), and thus n & Q(Q*). Let us
assume that for every prime number p and every k = 0, the set

P ={n+mp*|mez)
meets A; this implies that the form
Q,(nh LT (T nk+1) = Q(nb ceey nk) - nnl%+l

represents 0 in every p-adic field Q,; since n > 0, it is clear that Q’ represents 0
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in R. Now, the Hasse-Minowski theorem (see [30], p. 41) implies that Q
represents 0 in Q; if

Ql(nla ny..., nk+1) = 0
and
(nlanZ,'")nk+l)¢(0,0,-..,0)

we must have n,.,, # 0 and thus n € Q(Q*) which is absurd. Therefore there
exists p and k such that P,, N A= and 3.6.1 shows that n €[A]. a

Apart from the examples of 3.6.2, the form Q(n,, ny) = n + 2n?, for in-
stance, satisfies the assumptions of 3.6.5.

ExampLE 3.7. Edgar sets are Shapiro sets.

By using the analytic Radon-Nikodym property, G. A. Edgar (personal
communication) was able to show that if A; (i = 1) is

A= {(n)EZ™M | n; >0, n, =0if k> i}

and if A C (U,"5 A,) satisfies (A N A,) finite for every i, then A is a Riesz set.
Let us, show that such a set is Shapiro.
Let < be the “left-to-right” lexicographical order on Z™ that is,

(nk) < (Vk)ﬁ nko << an

if k, is the biggest integer for which n, # v,. It is clear that if (n)EA, and
(v)EA, with i <j, we have (n) < (v). Moreover, for any (n) €Z™, there exists
i such that (v)E A, with i = iy=(v) > (n). Therefore it is clear that any Edgar
set A satisfies the assumptions of 2.1 and therefore is Shapiro.

We will see below (4.6) that in turn, the fact that those sets are Riesz will
imply the convergence of analytic martingales, and thus the two points of view
are essentially equivalent.

3.8. ALEXANDROV'S EXAMPLE and its applications. In contrast with the
above results, let us present an example, due to A. B. Alexandrov — I want to
thank S. V. Kisliakov for having communicated this example to me — of'a
Riesz subset A of Z which is not nicely placed in Z.

For any j = 0, we let

Pi={2+k2*'|kEZ).

It is easily seen that n € P, if and only if 2/ divides n and 2/*! does not divide n;
therefore {P;};;, is a partition of Z\ {0}. Now let
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D, ={k2"| |k| =2, k #0)
and

+®©
A= U D,.

n=0

If m €D,, then 2" divides m and thus m & P, if k < n. Therefore (A N P,) is
contained in (U, <, D,); in particular, (A N P,) is finite for every k.

This observation, together with 3.6.1 shows that if n € A U {0}, there exists
V, such that n €[V, N (A\{0})], and then 2.5 shows that A U {0} is nicely
placed.

We use now the notation of 1.7; if we use a discrete measure v satisfying
%s easily deduced for 2.4 that n €(V, N A) implies n €A; therefore
AU {0} 2A. Noy_i;_t/EMA, we have u, €M, o by 1.5 and i,(n) =0 for
n€A by (5) and A U {0} 2 A, this clearly shows u, = 0 and thus A is a Riesz
set.

Let us show that A is not nicely placed. It is easily seen that there exists a
sequence ( f,),z, of functions in LY(T) such that || £, Jj; <2, /,(0)=0and

(23) lim f,=1; a.e.

n—rw

By approximation, we may assume that the (f,)’s are trigonometric polyno-
mials. Using the fact that the functions (z) and (z2") have the same distribu-
tion, it is easy to deduce from (23) that the function 4. 1y is limit in L° of a
sequence in B,(L,); therefore, A is not nicely placed, and we actually have
[A]=A U {0}.

Let us deduce two applications of the above construction. Our next result is
an improvement of a result of H. P. Rosenthal [25]. Let us recall that a set A is
a Rosenthal set if C,(G) = LY(G); the Rosenthal sets form a subfamily of the
Riesz sets, and H. P. Rosenthal showed [25] that there are such sets which are
not A(1). Actually, one has:

ProPoSITION 3.8.1. There exists a Rosenthal set which is not nicely placed.

PROOF. A set A is said to have a partition for the uniform norm if there
exists a partition (A;);z, of A into finite sets, and K such that

24 -21 IPle=K|P|
P



324 G. GODEFROY Isr. J. Math.

for every P, trigonometric polynomial supported by A, with P=7Z;;, P,
P; supported by A; (j = 1).

It is easily seen that a set which has a partition for the uniform norm is a
Rosenthal set. We let as before

D,={k.2"| |k} =2, k+0}.
It is easily seen that, for ¢ > 0 and n = 1, there exists n’ such that
NPt NP S+ P+ P,

where P is supported by D, and P’ by D, it suffices indeed to take n’ big
enough for P’ to be “almost independent” of P as a random variable. Now an
easy induction shows that there exists a strictly increasing sequence (7))
such that

satisfies (24). But the same proof as before shows that [A] = A U {0} and thus
A is not nicely placed. a

The above examples satisfy [A]\ A finite, and 1.8 clearly shows that L'/L} is
w.s.c. if [A]\ A is finite. But one has:

PROPOSITION 3.8.2. There exists a Riesz set A in Z such that [A]\A in
infinite.

Proor. We use the same notations as above. For j = 0, we let

Aj={2 +k2*'|kEA}
and

A={0}U U A,

j=0

A very similar proof shows that [A’] = A’ U {2" | n = 0} and that A’ = A’;
therefore, if 4 € M, (T), one has u, € ty», and y; = 0 on A’ = N; therefore g, is
supported by the set {2” | n = 0} and since this set is Riesz, u, =0 and A’ is
Riesz. O

Let us mention what we proved and used in the proof of 3.8.2 that a set A
such that [A]\ A is Riesz is a Riesz set.
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It is possible to iterate the above construction for obtaining Riesz sets A such
that the set A’=[A]\A enjoys a more intricate structure; it is not clear
whether the space L'/L} is w.s.c. for such Riesz sets.

4. Applications and related results

A reformulation of F. Lust-Piquard’s result [20] is that a subset A of I is
Riesz if and only if the space %/ % ([") is an Asplund space.

Our next result asserts that the subclass of Shapiro sets corresponds to a
natural subclass of the class of Asplund spaces. Let us recall that E is an M-
ideal in its bidual if || x*** || = || x*|| + [|x*|| if x***=x*+ x* in the
decomposition E*¥** = E* @ E' of E***,

ProPOSITION 4.1. Let A be a subset of T'. The following are equivalent
(1) A is a Shapiro subset of T
(2) ) 6r () is an M-ideal in its bidual.

ProOF. (1)=(2) If A is Shapiro, then (— A) is nicely placed and thus by
1.3 we have

(25) (L) =L, ® (L 2)* NKern}

where = is the canonical projection from L'**onto L'. Since L, = @ ,([)",
it is easily seen that (2) holds if and only if

(26) (LL)* nKerm =L, n @)
If g belongs to (L ,)** N Ker =, then ¢ may be written
9= lilr}nﬂ, in (L!**, w¥)
withf,ELL, and (| f, ||\ = || ¢ || for every n. Since ¢ EKer n, we have ([12],

lemma 7) that lim, £, = 0 in L%u). Since A is Shapiro, this implies by 1.7 that
limy f,(a) = 0 for every a €A, and f€ €([)* follows. Therefore

@n (LL)* NKern C LY\ n @)
But clearly
(28) Li, N(LLAM N €(G)Y) = {0}

and the linear algbebra shows that (25), (27) and (28) imply (26).
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(2)=(1) If A’ C A, then BN C ér() and thus there is a quotient
map
Q: ¢/ (gF\A(ﬁ — €/ (gr\z\'(r )-

The class of M-ideals in their bidual is stable by quotient maps (see e.g. [13])
and thus (2) is a hereditary property. It is therefore enough to show that (2)
implies that A is nicely placed. But (2) implies that the space L', is
L-summand of its bidual; by ([12], Lemma 23), this implies that (25) holds,
and 1.3 shows that A is nicely placed. a

REMARK. It is proved in [19] that €(T)/A,(D) is an M-ideal in its bidual;
this result is applied in [19] to the obtention of best approximation results.
This corresponds to the example A = N in the implication (1)= (2) of Proposi-
tion 4.1. More generally the numerous results (see e.g. [3], [13]) of the M-
structure theory may be applied, by 4.1, to Shapiro sets.

PROPOSITION 4.2. Let A be a Shapiro set. If (f,), 51 is a sequence in L}(G)
such that

(29) p(g)= 311?0 fugdm

exists for every g € €(G), then there exists f€ Ly such that ¢(g) = [ fgdm for
every g € €(G). Moreover there exists a subsequence ( f') such that

1 k
(30) tim (3 £3)=1
k=~ k \p=1
a.e. and in L(1, ). Moreover if we have lim,_.. || £, |, = || f ||, then
(31) lim f figdm = f fedm, VgELG).
Proor. The sequence (f;),z;1s || ||;-bounded by the uniform bounded-

ness principle, and its limit belongs to L' — and thus to L} — since A is Riesz.
By Lemma 1.2 there exists a subsequence (f,) which converges a.e. and in
L(1, ) to some gEL'; we have gEL} since A is nicely placed, and
§(a) = fla) for every a € A by 1.7; therefore g = fand (30) holds. Finally, (31)
is a consequence of the easy fact (see [12], proof of theorem 6) that if E is an M-
ideal in its bidual, then the w* and weak topologies coincide on the unit sphere
of E*, and of 4.1. O
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Let us mention that the example of the subspace of L'({ — 1, 1}¥) generated
by the coordinate functionals shows that we cannot replace in general the weak
topology by the strong topology in (31); this is however possible if A = N or N”
([24], [12], Th. 22). Since A = N" is a Shapiro set, 4.2 shows:

COROLLARY 4.3. Let (f,),21 bea | | ,-bounded sequence in H\(D'). If
(f.)n=1 converges pointwise in (D) to f, then fEH'(D') and there exists a
subsequence () such that

fim (3 f1#) -2

k= k n=1
a.e.andin L(1, ») on T'.

Let us mention that it is possible to replace, in 4.3, D' by a symmetric Cartan
domain U (e.g. U = B)) if we replace T" by the distinguished boundary dU of U
(e.g. 3B, = S)). On the other hand, the above assertion is false — even if / = 1
— if we consider harmonic functions instead of analytic ones. The obstruction
here is that | f]? (p <1) is in general not subharmonic for f a harmonic
function.

Proposition 4.1 will permit us to make a link between the Riesz and Shapiro
sets and some decompositions of the functions of L.

LEMMA 4.4. Let A be a subset of T'. Then, if €(G) €r\(G) is isomorphic
— resp. isometric — to a subspace of the space K(L?) of compact operators on
the Hilbert space, then A is Riesz — resp. Shapiro.

PrROOF. We let X,(G) = €(G) 6r(G). If X, is a subspace of K(L?) then
X* = M_,(G) has the Radon-Nikodym property and thus L' ,(G) hasR.N.P.;
now [20] shows that ( — A) and therefore A is Riesz.

The space K(L?) is an M-ideal in its bidual, and this class is hereditary. If X,
is isometric to a subspace of K(L?), X, is an M-ideal in X}*, and 4.1 concludes
the proof. O

We will use this lemma with the Hankel operators:

PrOPOSITION 4.5. Let S be a sub-semigroup of the abelian discrete group T,
such that for every « €S, the equation o = a; + a,(a,, a,€S) has only a finite
number of solutions. Then.

(1) If every g €L} may be written g = =r. hihi with hi, hi € L} and
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(32) CIIgIInéZl I AE 120 A 2
then S is a Riesz set.
(2) If C =11in(32), S is a Shapiro set.
Proor. For f€ ¢(G) and g€ LYG), we let
T;(g)= m(fg)

where n, denotes the orthogonal projection from L}(G) onto L ¢(G). We
consider T} as an operator from L(G) to L2 5(G).

For every a €T, we have (a +.5) N (— S) finite, and thus rk(7,) < c0. The

| |lo-denisty of the trigonometric polynomials shows that T,€K(L?) for

every f€ €(G). Moreover it is easily seen that T, = 0= f€ €\ 5(G). We let

O(f) = || f1| €/€r\-s(G).
We will compare () and | 7, |} . We have

(33) o) -] [ feam €Ly, gt =1}

Indeed the unit ball of L§ is w*-dense in the unit ball of M(G) = €f\(—s)
(convolution with “peak” functions). On the other hand

I T || = sup {I f n(feYhdm

le€Lz, heLs, gl =1, uhuzgl},

but since hEL2 g, A €L and we get

| mt foohdm = 3 m( o~ o)

a€ll

= ¥ m(fR)(— ()

a€S

=Y fo(—a). k(o)

a€S

= f Sfehdm

and this proves

39 NTH) =sup{ [ fehdm |g€ L3, heLis, Iz s, 1h =1,
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NowifgEL2and h € L%, gh € L} since Sis a semi-group. Thus, (33) and (34)
prove that || 7y || = ®(f) for every f€ €(G). Conversely, let fbe in €(G) and
g in the unit ball of L} such that

[ fetm z 00—

If we write g like in (32), we get

[ feam =3 [ fuinsm < S AT WA D 1B s CUT
i=1 im1
and this proves ®(f) = C. || T, .

We have proved that (32) shows that €/%r_s, is C-isomorphic to a
subspace of K(L?);, now, 4.4 finishes the proof. a

ExAMPLEs. It is well-known that N satisfies (32) with C = 1. We have
therefore an alternative proof that N is a Shapiro set. If n > 1, it is not known if
a decomposition of the form (32) is always possible for f€ H'(D"). (I want to
thank S. V. Kisliakov for useful information on this matter.) A fortiori, if we
consider the example

S ={(n,m)EL*|n* = m?*}

of 3.3, nothing seems to be known about the decomposition of the form (32)
for fE€L;.

I am indebted to G. A. Edgar for this connection between the above results
and the analytic martingales considered in [7] and [8], which will conclude this
work.

Our last result is an improvement of ([8], Cor. 4.3). Let us recall that an
analytic martingale with values in a Banach X is a sequence Xy(w) defined for
wETY, of the form

N
(35) XN(W) = Z f;l(wl’ Wa ooty Wy W,,)

n=1

where f, is an integrable function with values in X, which is almost surely in
H}(X) of the last variable w,. With this terminology, one has:

PROPOSITION 4.6. Let (Xy)yz, be an analytic martingale with values in L.
If(Xy)is || | -bounded, then it converges a.e. and in L'.

ProOOF. It is proved in [11] that L' has the analytic Radon-Nikodym
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property; a straightforward adaptation of the proof shows that if A is a Riesz
subset of a discrete group I', then the bounded martingales of functions in
LX(L") converge a.e. and in L'. Now, if (Xy) has the form (35), we may assume
— approximation by trigonometric polynomials — that £, has finite support.
Then X € L1(L"), where A satisfies the assumptions of 3.7; such a A is Shapiro
and thus it is Riesz, and this concludes the proof. a

Let me mention that it is possible to modify the proof of ([8], Cor. 4.3) given
in [8] in order to obtain 4.6 (W. B. Davis, personal communication). Let us
conclude this work with

REMARK 4.7. It has been shown very recently [32] that if I is a countable
infinite discrete abelian group, then the family R of Riesz subsets of I is a co-
analytic non-Borel subset of the compact space P(I'). This result shows in
particular that there is no hope of obtaining positive characterizations of the
Riesz sets.

AKNOWLEDGEMENTS

Part of this work was done while I was visiting the Ohio State University of
Columbus and the University of Missouri at Columbia. It is a pleasure for me
to thank O.S.U. and U.M.C. for their kind hospitality and for the excellent
typing of this work.

I am glad to thank F. Lust-Piquard for having introduced me to the Riesz
sets and for instructive conversations, and N. J. Kalton for many useful
conversations.

REFERENCES

1. A.B. Alexandrov, Essays on non-locally convex Hardy classes, Lecture Notes in Mathemat-
ics No. 864, Springer-Verlag, Berlin, 1980.

2. G. F. Bachelis and S. E. Ebenstein, On A( p)-sets, Pacific J. Math. 54 (1974), 35-38.

3. E. Behrends and P. Harmand, Banach spaces which are proper M-ideals, Studia Math. 81
(1985), 159-169.

4. E. Bishop, A general Rudin-Carleson theorem, Proc. Am. Math. Soc. 13 (1962), 140-143.

5. S. Bochner, Boundary values of analytic functions in several variables and of almost periodic
Junctions, Ann. Math. 45 (1944), 708-722.

6. 1. Boclé, Sur la théorie ergodique, Ann. Inst. Fourier 10 (1960), 1-45.

7. J. Bourgain, The dimension conjecture for poly-disc algebras, Isr. J. Math, 48 (1984),
289-304.

8. J. Bourgain and W. B. Davis, Martingale transforms and complex uniform convexity, to
appear.

9. A. Browder, Introduction to Function Algebras, Benjamin, New York, 1969.



Vol. 61, 1988 ON RIESZ SUBSETS OF ABELIAN DISCRETE GROUPS 331

10. A. V. Buchvalov and G. Lovanovski, On sets closed in measure, Trans. Moscow Math,
Soc. 2 (1978), 127-148. (In Russian: Trudy Moskov Mat. Obshch. 34 (1977).)

11. G. A. Edgar, Banach spaces with the analytic Radon-Nikodym property, to appear.

12. G. Godefroy, Sous-espaces bien disposés de L. Applications, Trans. Am. Math. Soc. 286
(1984), 227-249.

13. P. Harmand and A. Lima, On Banach spaces which are M-ideals in their bidual, Trans.
Am. Math. Soc. 283 (1984), 253-264.

14. V. P. Havin, Weak completeness of the space L'/H}, Vestnik Leningrad Univ. 13 (1973),
77-81 (Russian).

15. H. Helson and D. Lowdenslager, Prediction theory and Fourier series in several variables,
Acta Math. 99 (1958), 165-202.

16. M. 1. Kadec and A. Pelczynski, Bases, lacunary sequences, and complemented subspaces
in the spaces L?, Studia Math. 21 (1962), 161-176.

17. N. J. Kalton, Representations of operators between function spaces, Indiana Univ. Math.
J. 33 (1984), 639-665.

18. J. Komlos, 4 generalization of a problem of Steinhaus, Acta Math. Acad. Sci. Hungar. 18
(1967), 217-229.

19. D. Luecking, Compact Hankel operators, Proc. Am. Math. Soc. 79 (1980), 222-224.

20. F. Lust-Piquard, Ensembles de Rosenthal et ensembles de Riesz, C.R. Acad. Sci. Paris 282
(1976), 833.

21. Y. Meyer, Spectres des mesures et mesures absolument continues, Studia Math. 30 (1968),
87-99.

22. 1. M. Miheev, Trigonometric series with gaps, Anal. Math. 9 (1983), 43-55.

23. M. C. Mooney, A theorem on bounded analytic functions, Pacific J. Math, 43 (1972),
457-463.

24. D. J. Newman, Pseudo-uniform convexity in H', Proc. Am. Math. Soc. 14 (1963),
676-679.

25. H. P. Rosenthal, On trigonometric series associated with w*-closed subspaces of continuous
Sfunctions, J. Math. Mech. 17 (1967), 485-490.

26. H. P. Rosenthal, On subspaces of L?, Ann. of Math. 97 (1973), 344-373.

27. W. Rudin, Trigonometric series with gaps, J. Math. Mech. 9 (1960), 203-227.

28. W.Rudin, Real and Complex Analysis, McGraw-Hill series in higher mathematics, 1966.

29. W. Rudin, Fourier analysis on groups, Tracts in Mathematics No. 12 (1967).

30. J. P. Serre, A Course in Arithmetic, Graduate Texts in Math. No. 7, Springer-Verlag,
Berlin, 1973.

31. J. Shapiro, Subspaces of L*(G) spanned by characters, 0 < p < 1, Isr. J. Math. 29 (1978),
248-264.

32. V. Tardivel, Ensembles de Riesz, to appear.



